The theory of Neron models has proved äs an important tool for the treatment of abelian varieties over number fields or over fields with a discrete non-Archimedean valuation. For example, the uniformization of abelian varieties äs suggested by Raynaud, is based on the existence of Neron models. Recently, through Faltings' proof of Mordell's conjecture, these models have been brought to attention again. Neron models were originally constructed by Neron [N] in 1963. It was then indicated by Raynaud [R] in 1966 how to carry out the construction within the framework of modern algebraic geometry. Furthermore, Grothendieck [SGA7] showed the existence of Neron models with semi-abelian reduction.
In [II] , the authors have given an approach to the uniformization of abelian varieties in terms of rigid analysis, avoiding the use of Neron models. In fact, the existence of Neron models with semi-abelian reduction is an easy consequence of the results of [II] . The purpose of the present article is to demonstrate this. It goes without saying that our method cannot expose Neron models in füll generality (äs does the direct approach through algebraic geometry ä la Neron).
The main idea behind our construction is described in Section 1. It centers around the fact that a flat scheme over a valuation ring is uniquely characterized by its generic fibre and by its formal completion along the special fibre. Under certain finiteness conditions, the latter can be viewed äs a rigid analytic variety. It is for this reason that the application of rigid analysis is possible.
In Section 2 we have put together the analytic results from [II] which are needed. In particular, starting out from an abelian variety A, we construct an open analytic subgroup Ä et of A™, where A™ is the analytification of A. The group Ä ei later turns out to be the formal completion of the Neron model of A; it is characterized by similar properties äs required for Neron models, namely smoothness over the valuation ring of the (completion of the) ground field, and a universal mapping property. By means of the techniques explained in Section l, it is easy in Section 3 to algebraize Ä ei and thereby to construct the Neron model 91 of A.
The construction of the group Ä et and of Neron models has been given only in the semi-abelian reduction case, which is the most interesting one (see Remark 3. 7 for the general case) and which, in most cases, requires an extension of the ground field. However, there is a valuable criterion, due to Raynaud and Serre, saying that such an extension is unnecessary if, for some n^3 prime to the residue characteristic of the ground field, the n-torsion points of the abelian variety A are rational. In Section 4 we prove a similar criterion for the group Ä ei . Thereby we can deduce the criterion of Raynaud and Serre from the results of Section 3.
We would like to thank the referee for bis helpful comments.
Rigid analysis and formal algebraic geometry
Let k be a complete non-Archimedean field with a discrete valuation, and let K be a dense subfield of k. The valuation ring of k is denoted by k and the residue field by K; similarly for K. We will consider schemes over and K, and their formal completions (in terms of formal schemes over k) or their analytifications (in terms of rigid analytic varieties), respectively.
Let X be a formal scheme l.t.f.t. (locally of topologically finite type) over k. One associates with X a formal analytic variety Jf f~an , [I] , Section l, and a (rigid) analytic variety X* n . Namely, if X is affine, say X = SpecfR with R t.f.t. (of topologically finite type) over k, then JR k :=jR®£/c is a fc-affinoid algebra, and X fan : = SpfÄ fc , X an :=SpR k .
Both varieties are essentially the same; their "points" consist of the maximal ideals in R k . However, on the affinoid variety SpK k we consider the usual Grothendieck topology, äs characterized in [BGR], 9.1.4/2, whereas on the formal affinoid variety Spfl? fc we restrict ourselves to the topology generated by all formal subdomains, [I] , Section 1. Using coverings, the definitions of X f~*n and X &n extend to the general case. Formal analytic varieties admit reductions, derived from the canonical reductions of their formal open affinoid parts. Assuming X flat over k, the reduction ^f" an of X f~an is related to the special fibre X s of X by a finite surjective map ^f" an -> X s . If X = Specf R is äs before, this map corresponds to the homomorphism where
There is a converse procedure which associates a formal scheme y fsch (not necessarily l.t.f.t. over k) to each formal analytic variety Y. Namely, let & be the sheaf of analytic functions on Fand denote by 0 the subsheaf of functions of sup-norm ^1. Now consider a formal scheme X = Specfl? s in (a), which is affine. Then there exists a surjection t n -» R, and this map extends to a surjection α : T n -> R k . We claim that the sup-norm on the affinoid algebra R k coincides with the residue norm | | a with respect to a. Namely, let/eRc=R k and assume |/| e =l. Proof. The uniqueness assertion is clear since ϊ and ?) are flat over lt. Thus the only non-trivial part of the assertion is the implication (ii) => (i). By Lemma 1. 1, we can interpret φ : f) -* 3; s a morphism φ : φ -> $ between the formal completions of X and ). Therefore the assertion of 1. 3 is an immediate consequence of the following auxiliary result: Lemma 1. 4. Let R be an algebra f.t. and flat over lt. Then, using Proof. The uniqueness assertion is a consequence of 1.3. So it is enough to consider the case where Χ η is affine and X is formal affinoid with
Since X is distinguished, there exists a distinguished epimorphism i.e., the sup-norm | | sup coincides with the residue norm | | 5 on S. Since (the image of) S K is dense in S, we may assume that α restricts to an epimorphism
and Hat over ^. Furthermore, considering the commutative diagram
(notations s in Example 1.2), we have R K = S K , and R = S; the latter is true by the defmition of analytifications. Since the epimorphism :T n -+S = R is distinguished, elements of sup-norm ^ l in R can be approximated in R. Thus $ is the unit ball with respect to | | gup = | | e in , and we see that is reduced. This shows that £:=SpecjR is s required. The assertion concerning the smoothness is trivial, q.e.d. Remark 1. 6. One can characterize the relationship between j£-schemes and 1^-formal schemes in a functorial way. Namely, the functor which goes from schemes l.f.t. and flat over £, and having a reduced special fibre, to triples consisting of (i) the generic fibre 3£" of 3E (a scheme l.f.t. over K),
(ii) the formal completion JE of ϊ (a formal scheme l.t.f.t. and flat over k), 
Uniformization of abelian varieties
The construction of Neron models will be based on the article [II] . So let us recall the necessary facts from [II] , and let us adapt them to the case of a not necessarily algebraically closed ground field k. The field Kcfc is s in Section 1. Let A be an abelian variety over K, and, for any extension L of K, write A L for A <g) K L. Let A &n be the analytification of A. Then A &n is a rigid analytic group over k. A ) A formal analytic group is a group object in the category of formal analytic varieties. One knpws, [B] , Satz 1.1, that the canonical functor from formal analytic to analytic groups is fully faithful so that it is safe to view the formal analytic groups s a special class of analytic groups. However it should be noted that in the Situation, where Lemma L l is not applicable, formal analytic groups cannot, in general, be represented by formal group schemes.
Proofs of 2. l and 2.2. Let K be the completion of the algebraic closure of k. Due to [II] •^ ,
A™
The kernel := kerp is a discrete subgroup of Ä.
The assertion of 2. 5 follows from [II] , 8. 2. A priori, the torus is defined over the completion K of the algebraic closure of k. But, due to the characterization [II] , 8. 5, it is clear that it is defined over a finite separable extension / of fc, since each admissible affinoid covering of AI n is defined over a finite separable extension of k (cf. the proof of [I] , 1.4). Since the torus is unique, one shows by Galois descent that there exists a unique maximal torus T in Ä. If Ä is smooth over k, one can use the lifting of tori, [SGA3] , Exp. IX, Theoreme 3.6 bis, and show that the maximal torus of Ä lifts uniquely to an affinoid torus, smooth over k, in Ä. The lifting is a maximal torus, and hence must coincide with T. Finally, the assertion of 2. 6 follows from [II] , 8. 5 and 8. 8, by using Galois descent, similarly äs exercised above. In the Situation of 2. 6, we will say that the uniformization of A is defined over k.
Proposition 2. 7. Assume that the uniformization of A is defined over L Denote by T (k) the group ofk-rational points in T. Then the lattice consists ofk-rational points in Ä. The set of etale points in Ä satisfies
Ä et =T(k)-(ÄnA et ) and p(Ä ei ) = A ei .
In particular, c= T(k) -Ä, and A ei is contained in a finite union of translates of Ä by points in p (T (k)).
Proof. Let \k*\ be the set of non-zero values of the algebraic closure of fc, and let t be the rank of T. Then, by the definition of Ä, we obtain a surjection Ä -» (IfcJI)' from the map T->(|/c*|) r which evaluates absolute values of a set of coordinate functions. Since Fn,4 = {e}, the above map gives rise to a bijection -^ Aa(\k*\)\ a property which remains unchanged, when fe is extended; hence an easy consideration shows is äs desired.
It remains to verify the assertions concerning the set of etale points in Ä.
Replacing k by the completion of its maximal unramified extension, we may assume that the residue field K is separably closed. ^Consider the closed immersion f -> Ä induced by T -> Ä 9 and choose functions f i9 ...,f t on an affine open neighborhood Ü of the unit element e e Ä, which vanish at £, and whose differentials df i9 ...,df t generate \^. Set Proof. Let us first assume that the uniformization of A is defined over k. Then, due to 2. 7, the union of all translates of Ä by the /c-rational points of p (T (k)) yields a formal group Ä ei äs required; namely, the mapping property follows easily from 2.2, since each component of a given X, which is smooth over k, contains an etale point by 2. 4.
In the general case, the torus Tsplits over a ßnite Galois extension iof £ Lifting to an unramified Galois extension / of k, we see that T t reduces to Tj and hence is split. In particular, the uniformization of A is defined over /, and the group Ä* exists. Using the universal mapping property for Äf\ the Galois group G (l/ k) acts on Äf l and it follows from 2. 3 that Ä t et is extension of a quasi-compact formal analytic group yf et c A* n . That Ä * is äs required follows by Galois descent (for the smoothness, see the lemma below), q.e.d.
Lemma 2. 9. Let X be a formal analytic variety over fe, and let l be an unramified extension of k such that X t = X ®l is smooth over L Then X is smooth over k.
Proof. Since |/| = |fc|, the distinguishedness descends (use [BGR], 6.4.3/1). Then, since is separable over ^ we see that % ® is reduced and thus coincides with the reduction of X^ Consequently, X is smooth over fc, q.e.d.
In this section we will use the results of Section l, in particular Propositions 1. 3 and 1. 5, in order to discuss Neron models of abelian varieties in terms of rigid analysis. The necessary facts about the analytic structure of abelian varieties have been gathered in Section 2. The fields Kc/c are s in Section 1.
Definition 3. 1. Let X be a scheme smooth over K. A scheme 3E over l£ is called a Neron model of X if the following conditions are satisfied:
(ii) X is smooth over K.
(iii) If ?) is a scheme, smooth over K, and φ η : %) n -» X n is a K-morphism, then φ extends uniquely to a ί^-morphism φ : $) -> ·£.
It is clear that the Neron model is unique (up to canonical isomorphism) if it exists. Furthermore, 3£ is a group scheme if X is a group scheme. The main result we want to prove combines the existence of Neron models for abelian varieties [N] , [R] with Grothendieck's semi-abelian reduction [SGA7] . It is shown in [N] , [R] that A has always a Neron model over j£; however, this model does not necessarily have semi-abelian reduction. Considering the analytification A an of A we have seen in 2. l that the open analytic subgroup cA* n , after replacing k by a finite separable extension /, becomes smooth over f. By Krasner's Lemma (in the version of [BGR], 3. 4. 2/3), / can be interpreted s the completion of a finite separable extension L of K with a unique valuation extending the valuation on K. Thus the assertion of 3. 2 will be clear if we prove: We want to deduce the assertions of 3. 3 from the results of Sections l and 2 by means of the following lemma which involves the group ei . First, let us indicate how 3. 3 is derived from 3.4. Assume that A is smooth over k. Then we use the coverings of 3.4 and obtain by 1. 5 a scheme 9l f.t. over j£ which extends A. The formal analytic variety $ associated to 9l coincides with A*; hence 9l is smooth over 1£. Furthermore, the identity component 91° of the special fibre 9l s of 9l coincides with the reduction of A (cf. 2.1), and we see that 91° is semi-abelian. Thus, in order to show that 91 is the Neron model of A, it remains to verify the universal mapping property (iii) of 3.1. However, the latter is a consequence of 1. 3 and the universal mapping property of Ä ci mentioned in 2. 8.
Semi-Abelian Reduction Theorem 3. 2. Let A be an abelian variety over K. Then there exists a finite separable extension L of K such that the valuation extends uniquely from L to K and such that
Conversely, assume that condition (b) of o 3.3 is satisfied. Then 5l is an open analytic subgroup of A* n , which is smooth over k äs a formal analytic group. Since the reduction of its identity component ®° coincides with 91° and hence is semi-abelian, we see by 2. l that ^4 = S°. In particular, Ä is smooth over . Thereby we have reduced the proof of 3. 3 to the proof of 3.4.
In order to prepare the proof of 3.4, we need an auxiliary result: If there are enough K-rational points in A, the coverings of 3.4 can be constructed by translating the sets U' and Ü obtained in 3. 5. However, in general, this procedure will not work unless the field K is extended. If K^k, the fact that the valuation does not necessarily extend uniquely from K to an algebraic extension L makes it impossible to descend from L to K by means of Galois theory. To fix these troubles, one uses ample divisors on A. We will establish 3.4 by generalizing the assertion of 3. 5: 
Torsion points
In this section we will derive a criterion for the existence of Neron models with semi-abelian reduction and of the uniformization of abelian varieties over a given field, depending only on the rationality of certain torsion points; namely, the criterion of Raynaud and Serre, [SGA7] , Expose IX, 4. 7. The fields Kcfc will be äs in Section 1. Let A be an abelian variety over K. Proof. First we want to show that Ä is smooth over k. Due to 2. l, there exists a Galois extension / of k such that Ä l is smooth over l Due to 2. 9, we may assume that / is totally ramified over k (i.e., that the residue extension of l/k is purely inseparable). We choose an orthogonal basis a l9 . . ., o, of / over k. Let F c Ä be a non-empty formal open subset which is affinoid; say F = SpÄ. Let F / = F® k / = Sp/? z where #| = 1?® /. We have only to verify that is an orthogonal decomposition with respect to sup-norms. Let us consider a representation where / 15 . . .,/ r € jR. Since the torsion points of Ä t are formally dense in Ä t (cf. [II] , 5. 14), there exists an integer m prime to charJf, and a point xej4j[m]nFj such that l/iWM/fl for i=l,...,r.
Let l(x) be the residue field of χ E l and let k(x) be the maximal unramified extension of k contained in l(x). Due to Lemma 4.2 below, the extension l(x)/l is unramified. Since l/k is totally ramified, we see that l(x) is the compositum of / and k(x) and that l(x) = k(x) «! φ ··' φ k(x) a r is an orthogonal direct sum. Since l/k is Galois, l(x)/k(x) is Galois, too. Let σ e G(l(x)/k(x)) be a Galois automorphism. Then σ induces an equivariant morphism σ:1(χ) -, /(χ).
Since l (χ)/ k (χ) is totally ramified, σ induces the identity on the residue field of l(x). Thus, the reduction of σ is an /(x)-automorphism of l (x} leaving l(x) [n] fixed (by assumption and [II] , 5. 14); hence <? = id by the lemma of Serie, [SGA7] , Exposo IX, 4. 7. 1. Since the reduction map yields a bijection on the m-torsion points (again by [II] , 5. 14), we obtain σ(χ) = χ for each σ€ G (l (χ)/ k (χ)). Hence we see for each σ e G(l(x)/k(x)). Then we have / f (x)e fe(x) for i= l, ..., r. So we get jgM and then |gi s required.
The torus Tof splits over a Galois extension / of /c, and the Galois group G (l/ k) acts on the group of characters of T. Since the n-torsion points of T are fc-rational, the action is trivial modulo n and hence trivial, again by the lemma of Serre. Thus we see that T is split over fc, q.e.d. Proof. Due to 1. 1, we can consider s a formal scheme over k. The multiplication by m yields a finite morphism which is etale, since m is prime to char£. Base change by the unit section, applied to the map m, yields the assertion, q.e.d. Proof. The uniformization of A is defined over k by 4. 1. Thus we see by 3. 3 that the Neron model 2l of A exists over l£ and has semi-abelian reduction. The completion of 21 with respect to the special fibre 2l s is ei . By 2. 8 we know that each component of 4 et contains a fc-rational point. Hence, the special fibre 2Ϊ 5 , which is just the reduction of *\ contains enough J^-rational points, q.e.d.
